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Phase shifts induced by the Kerr effect are usually very small at the single-photon level. We pro-
pose two circuits for enhancing the cross-Kerr phase shift by applying one- and two-mode quadrature
squeezing operators. Our results are based on the vector coherent state theory and can be imple-
mented by physical operations satisfying the commutation relations for generators of the generalized
special unitary group SU(1,1). While the proposed methods could be useful for the realization of
quantum optical entangling gates based on Kerr nonlinear media at the single-photon level, they also
indicate a general alternative approach to enhance higher-order nonlinearities by applying lower-
order nonlinear effects.
PACS numbers: 42.50.Ex,42.50.Dv,42.50.-p
I. INTRODUCTION
The optical Kerr effect has been attracting consid-
erable interest in quantum state engineering (see, e.g.,
Refs. [1, 2]) for, e.g., self-focusing, self-phase modula-
tion, photon blockade (also referred to as optical state
truncation) [3, 4] and quantum nondemolition measure-
ments [5, 6] as demonstrated in a number of experiments
(see [1] for references). Moreover, the Kerr effect can be
used for a generation of nonclassical light [7] including
self-squeezed light [8] and macroscopic quantum super-
positions, i.e., the so-called Schro¨dinger cat [9] and kit-
ten [10] states.
The optical Kerr effect is also a potential resource for
performing deterministic photon interactions for quan-
tum information processing (see, e.g., Refs. [2, 11]). Un-
fortunately, the Kerr effect is usually very weak at the
single-photon level. Moreover, recent studies showed [12–
14] that the phase noise in the cross-Kerr interaction of
small numbers of photons could be significant and, thus,
could preclude an effective implementation of entangling
gates, like the conditional phase (CPHASE) gate, at
the single-photon level. Nevertheless, recent experiments
demonstrate the possibility to effectively produce, control
and measure a non-zero conditional phase shift induced
by a cross-Kerr modulation for very weak light. For ex-
ample, Fushman et al. [15] measured nonlinear Kerr-like
phase shifts of 0.05pi (9 degrees) in a single quantum dot
coupled to a photonic crystal nanocavity at the single-
photon level. The maximum observed phase shift in this
report was equal to 0.16pi (28.8 degrees). The average
nonlinear cross–Kerr phase shifts of up to 20 degrees per
photon at the single-photon level was observed by Hoi
et al. [16] in their recent experiments with coherent mi-
crowave radiation generated in superconducting circuits
based on Josephson junctions. By comparison, Matsuda
et al. [17] measured the nonlinear Kerr phase shifts of
∼ 10−7rad in optical fibres in single-shot experiments at
the single-photon level. The reported nonlinear phase
shift can be increased to ∼ 10−4 for fibers of the same
nonlinearity but with a reduced loss of 1 dB/km and flat-
tened group-velocity dispersion [17].
The effective Hamiltonian describing cross-Kerr inter-
action between modes a and b can be given as [2]:
HˆKerr = ~χ
(3)nˆanˆb, (1)
where χ(3) is the (rescaled) third-order susceptibility of
the nonlinear medium, nˆa = aˆ
†aˆ and nˆb = bˆ
†bˆ are the
photon-number operators given in terms of the annihila-
tion (aˆ and bˆ) and creation (aˆ† and bˆ†) operators. We
analyze photon-number qubits as superpositions of vac-
uum and single-photon Fock states. Using an appropri-
ate strong cross-Kerr interaction, it is possible to per-
form the CPHASE gate on two qubits in such a way that
the states |00〉, |01〉, and |10〉 are unchanged, but the two
single-photon states gain some additional phase δ, i.e.,
|11〉 → eiδ|11〉. In particular, for δ = pi, the CPHASE
gate becomes the controlled-sign (CSIGN) gate, which
is equivalent (up to a unitary transformation) to the
controlled-NOT (CNOT) gate.
The main aim of our paper is to show how squeezing
can be applied to increase the cross-Kerr nonlinearity.
Squeezed light is a useful resource in high-precision
metrology and quantum information processing includ-
ing quantum communication (e.g., for quantum entan-
glement distribution) and quantum cryptography (e.g.,
for secure quantum key distribution) [18]. The following
values of quadrature squeezing were experimentally ob-
served in continuous-wave optical fields: -9 dB [19], -10
dB (-13 dB) [20], -11.5 dB [21], and -12.7 dB [22]. The
value of -13 dB is the estimation of squeezing achieved
in the experiment [20] after correction for detector ineffi-
ciency, which results in a 5% improvement [23]. Recently,
a few experiments with superconducting circuits [24, 25]
have demonstrated the possibility of obtaining much
stronger squeezing in microwave fields, even much ex-
ceeding -20 dB below the shot-noise level [26]. Squeezing
of light pulses, which is more adequate for our circuits, is
2typically much weaker than continuous-mode squeezing.
Probably, the highest reported experimental pulse-mode
squeezing is only about -3 dB below the shot-noise level:
-3 dB [27], -3.1 dB [28], and -3.2 dB [29].
Our amplification circuits are described in detail in the
next sections. We summarize our amplified Kerr shifts
for the above experimentally relevant squeezing values in
table I and Conclusions.
II. CIRCUIT BASED ON SINGLE-MODE
SQUEEZING
First we present a two-mode circuit for the amplifica-
tion of the phase shift induced by the nonlinear cross-
Kerr effect using one-mode squeezing operators. Our
derivation is based on the vector coherence theory (for
a review, see [30]).
Let us consider only a two-qubit subspace of the to-
tal photon-number space and define qubit states with
photon numbers 0 and 1 as |0〉 and |1〉 = aˆ†|0〉, respec-
tively. Therefore, in this subspace used for quantum com-
putation, we can introduce the operator Zˆa = 2nˆa − 1,
which has only two eigenvalues equal to 1 and −1, so that
Zˆ2a = 1. This operator can be further used to construct
one of the generators of the SU(1,1) group,
Γˆ3 =
1
2
(2nˆb+1)Zˆa =
1
2
(4 nˆanˆb︸ ︷︷ ︸
Kerr effect
+2nˆa− 2nˆb− 1), (2)
which is equivalent (up to some additional phase shift of
both qubits) to the Kerr effect described by equation (1).
In order to preserve the bosonic commutation rules for
the generators of SU(1,1):
[Γˆ1, Γˆ2] = −i2Γˆ3,
[Γˆ2, Γˆ3] = i2Γˆ1,
[Γˆ3, Γˆ1] = i2Γˆ2, (3)
we construct the remaining generators as follows:
Γˆ1 =
1
2
(bˆbˆ+ bˆ†bˆ†)Za,
Γˆ2 =
i
2
(bˆbˆ− bˆ†bˆ†), (4)
where bˆ and bˆ† fulfill the standard bosonic commutation
relation. Using the vector coherent-state theory, we find
a configuration of operations, which need to be performed
on qubits to amplify the conditional phase shift induced
by the cross-Kerr effect. The vector coherent-state theory
is based on the fact that structural constants depend only
on the commutation relations of generators, but they are
independent of the dimensions of the representations of
those generators, for example of the group SU(1,1),
exp(iαΓˆk) exp(iβΓˆl) = exp(iξΓˆ1 + iθΓ2 + iζΓˆ3), (5)
where, for given k, l and α, β, the structural constants
θ, ξ and ζ are independent of the dimension of Γˆk. The
generators of the group SU(1,1), which is noncompact
and does not have any finite unitary representation, can,
however, be written in a simple two-dimensional non-
Hermitian representation as:
Γˆ1 = iσˆ2 =
[
0 1
−1 0
]
,
Γˆ2 = −iσˆ1 =
[
0 −i
−i 0
]
,
Γˆ3 = σˆ3 =
[
1 0
0 −1
]
. (6)
According to equation (6), we can design the following
setup for enhancing Kerr nonlinearity:
eiθ1Γˆ2ei
δ
2
Γˆ3eiθ2Γˆ2ei
δ
2
Γˆ3eiθ1Γˆ2 = eiγΓˆ3 , (7)
where the coefficients θ2 and γ are introduced via the
angles δ and θ1 as follows:
θ2 = arctanh[− cos δ tanh(2θ1)],
γ = arctan[tan δ cosh(2θ1)]. (8)
The above result can be obtained as follows:
Vˆ
(
e
iδ
2 0
0 e−
iδ
2
)
w
(
1 x
x 1
)
×
(
e
iδ
2 0
0 e−
iδ
2
)
Vˆ =
(
y 0
0 y∗
)
, (9)
where
Vˆ =
(
cosh θ1 sinh θ1
sinh θ1 cosh θ1
)
,
y =
w
cosh(2θ1)
[cos δ + i cosh(2θ1) sin δ], (10)
x = − cos δ tanh(2θ1) and w = 1/
√
1− x2. In equa-
tion (9), the exponential functions of Γˆk are group el-
ements, which can be given in a matrix representation.
Although there is no finite unitary representation of the
group, we have checked our result also numerically for
spaces of relatively large dimension (up to 100).
According to equation (7), it is possible to design the
following method for the Kerr-nonlinearity amplification:
squeezing︷ ︸︸ ︷
Sˆb(θ1)
Kerr&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆb−nˆb)
squeezing︷ ︸︸ ︷
Sˆb(θ2)
Kerr&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆb−nˆb)
squeezing︷ ︸︸ ︷
Sˆb(θ1)
= e
i
2
(γ−δ)(2nˆa−1)︸ ︷︷ ︸
PS
eiγ(2nˆanˆb−nˆb)︸ ︷︷ ︸
amplifiedKerr&PS
, (11)
where PS denotes (linear) phase shift in mode b. Based
on the vector coherence theory, we conclude that these re-
lations are valid in the whole ladder of Fock states for the
mode b. For the mode a, we restrict ourselves within the
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FIG. 1: A two-mode circuit for the amplification of the cross-
Kerr phase shift, where Sˆ1 = Sˆb(θ1) and Sˆ2 = Sˆb(θ2) are the
single-mode squeezing operators for the parameters θ1 and θ2
given via equation (8), and PS are the phase shifters.
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FIG. 2: (Color online) The amplified cross-Kerr phase shift
∆φamp as a function of the squeezing parameters (a) θ1 and
(b) θ2 for various values of the initial cross-Kerr phase shifts
∆φin.
subspace of the vacuum and single-photon states. The
unitary operation Sˆb(θ1,2) [connected with the exponents
of Γˆ2 given in equation (4)] corresponds to the standard
single-mode (quadrature) squeezing operator [2]:
Sˆk ≡ Sˆb(θk) = exp
[
− θk
2
(bˆbˆ− bˆ†bˆ†)
]
, (12)
where the squeezing parameter θk (with k=1,2) is as-
sumed to be real and extra minus corresponds to the
squeezing angle equal to pi. This squeezing operator
can be implemented by a degenerate parametric down-
conversion described by the interaction Hamiltonian
Hˆpdc =
i
2
~χ(2)(aˆ†bˆbˆ− aˆbˆ†bˆ†) (13)
in the strong classical pump limit, where the operator
aˆ is well approximated by a complex number α. The
interaction strength is proportional to the second-order
susceptibility, χ(2), of the nonlinear medium. Thus, this
is a lower-order nonlinear process in comparison to the
Kerr effect given by equation (1). For completeness, we
note that this squeezing operator can be also realized by
higher-order nonlinear processes, e.g., described by χ(3).
The circuit, shown in figure 1 and given by equations (7)
and (11), can be compactly rewritten as:
Kˆ(∆φamp) = Pˆ
′Sˆ1Kˆ(∆φin)Pˆ Sˆ2Pˆ Kˆ(∆φin)Sˆ1, (14)
where the operators Kˆ(∆φ) = exp[i∆φnˆanˆb] describe the
initial and amplified Kerr effects, corresponding to the
interaction strengths
∆φin = δ, ∆φamp = 2γ, (15)
respectively. Moreover in equation (14), Pˆ = exp(−iβ)
and Pˆ ′ = exp(−iβ′) are linear phase shifts with β =
δnˆb/2 and β
′ = (γ − δ)(nˆa − 1/2) − γnˆb. The right-
hand side of equation (14) is shown in figure 1 where, for
simplicity, the less important gate Pˆ ′ is omitted.
One can define the cross-Kerr effect amplification fac-
tor as the ratio of the amplified, ∆φamp, and initial, ∆φin,
cross-Kerr phase shifts:
κamp =
∆φamp
∆φin
=
2γ
δ
. (16)
Alternatively, one could define κ′amp = κamp/2, where
factor 2 in the denominator would count for two Kerr
media used in this circuit (see figure 1). In table I, we
calculated this amplification factor for the best experi-
mentally achieved values of the squeezing parameters θ2
and the cross-Kerr phase shifts ∆φin.
As already emphasized, Kerr effect is usually very
small at the single-photon level, i.e., ∆φin ≪ 1. Let
us also assume that the squeezing parameter θ1 is rela-
tively small such that tan(2∆φin) cosh(2θ1) ≪ 1. Then,
by expanding equations (8) in power series in δ = 2∆φin
4TABLE I: Examples of the amplified cross-Kerr phase shifts
∆φ
(k)
amp and the amplification factors κ
(k)
amp assuming experi-
mental (see references) and theoretical (those marked by [*])
values of the squeezing parameter θ2 for various experimental
values of the initial nonlinear Kerr phase shifts: (1) ∆φ
(1)
in ≪ 1
(e.g., ∆φ
(1)
in = 10
−7rad as measured in reference [17]), and (2)
∆φ
(2)
in = 0.05pi = 9
0 and (3) ∆φ
(3)
in = 0.16pi = 28.8
0 measured
in reference [15]. The squeezing parameter θ1 and ∆φ
(k)
amp are
calculated from equation (8). Superscripts p and c refer to
experiments with pulsed and continuous-wave light, respec-
tively.
|θ2| reference |θ2| κ
(1)
amp κ
(2)
amp ∆φ
(2)
amp κ
(3)
amp ∆φ
(3)
amp
[dB] [rad] [deg] [deg]
-3 [27–29]p 0.35 2.12 2.12 19.10 2.13 61.40
-9 [19]c 1.04 3.17 3.19 28.70 3.46 99.700
-10 [20]c 1.15 3.48 3.51 31.60 3.95 113.80
-11.5 [21]c 1.32 4.02 4.08 36.70 5.26 151.60
-13 [20, 22]c 1.50 4.69 4.78 43.00 — 180.00
-20 [∗] 2.30 10.10 11.60 104.40 — 180.00
and keeping only the first terms of these expansions, one
finds that θ2 ≈ −2θ1 and
∆φamp ≈ 4∆φin cosh(2θ1), (17)
which results in the Kerr amplification factor
κamp ≈ 2 cosh(2θ1) (18)
being independent of ∆φin. The enhancements of the
cross-Kerr phase shift vs. squeezing parameters θ1 and θ2
are plotted in figure 2 for experimental (initial) nonlinear
phase shifts reported by Matsuda et al. [17] and Fushman
et al. [15]. As can be seen in figure 2 and table I, we ob-
tain a significant enhancement of the Kerr nonlinearity.
As it turns out, when an appropriate squeezed light goes
through two Kerr crystals and phase shifters, the Kerr
nonlinearity can be amplified to a pi shift. Thus, the
CPHASE gate can be, in principle, deterministically im-
plemented by Kerr nonlinearity via the cross-phase mod-
ulation if appropriately strong squeezing of light is avail-
able.
III. CIRCUIT BASED ON TWO-MODE
SQUEEZING
Here we present a three-mode circuit for the amplifi-
cation of Kerr effect based on two-mode squeezing as an
extension of the two-mode circuit of the former section.
The two-mode squeezing operator acting on modes b
and c can be defined as [2]:
Sˆbc(θ1) = exp[−θ1(bˆcˆ− bˆ†cˆ†)], (19)
with the real squeezing parameter θ1. This two-mode
squeezing operator can be implemented by a nonde-
generate parametric down-conversion in a χ(2)-nonlinear
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FIG. 3: A three-mode circuit for the amplification of the
cross-Kerr phase shift based on the two-mode squeezing op-
erators Sˆ1 ≡ Sˆbc(θ1) and Sˆ2 ≡ Sˆbc(θ2). The SWAP gates are
denoted by lines connected with the symbols ×. The other
symbols are explained in figure 1.
medium as described by the interaction Hamiltonian
Hˆ ′pdc = i~χ
(2)(aˆ†bˆcˆ− aˆbˆ†cˆ†) (20)
assuming that the strong pump mode is treated clas-
sically, i.e., aˆ ≈ α, in analogy to the degenerate case
described by equation (13). Also analogously to equa-
tions (2) and (4), the generators of the group SU(1,1)
can be written as:
Γˆ′1 = (bˆcˆ+ bˆ
†cˆ†)Zˆa,
Γˆ′2 = i(bˆcˆ− bˆ†cˆ†),
Γˆ′3 = (nˆb + nˆc + 1)Zˆa (21)
with the same commutation relations as those given by
equation (3) for Γˆk. Based on equation (7) we can derive
the following relation:
squeezing︷ ︸︸ ︷
Sˆbc(θ1)
Kerrab&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆb−nˆb)
Kerrac&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆc−nˆc)
squeezing︷ ︸︸ ︷
Sˆbc(θ2)
×
Kerrab&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆb−nˆb)
Kerrac&PS︷ ︸︸ ︷
ei
δ
2
(2nˆanˆc−nˆc)
squeezing︷ ︸︸ ︷
Sˆbc(θ1)
= ei(γ−δ)(2nˆa−1)︸ ︷︷ ︸
PS
eiγ(2nˆanˆb−nˆb)eiγ(2nˆanˆc−nˆc)︸ ︷︷ ︸
amplified Kerr&PS
. (22)
In analogy to the circuit of section II, this three-mode
circuit with the two-mode squeezing operators can be
compactly written in the form of equation (14), but for
Kˆ = KˆabKˆac and Pˆ = PˆbPˆc, where Kˆaj = exp(iδnˆanˆj)
and Pˆj = exp[−i(δ/2)nˆj] for j = b, c, and Pˆ ′ = exp(−iβ′)
is the phase shift with β′ = 2(γ−δ)(nˆa−1/2)−γ(nˆb+nˆc).
The final Kerr effect enhancement in this circuit is similar
to the former circuit. Note that figure 3 shows a circuit
composed of Kerr effect operators Kˆab applied in modes
a and b solely. We have simply applied the relation Kˆ =
KˆabUˆ
bc
SWAPKˆabUˆ
bc
SWAP in terms of the SWAP operations
Uˆ bcSWAP.
IV. DISSIPATION
In order to include the effect of decoherence in our cir-
cuits, we apply the beam-splitter model of losses, which
5was developed in a general form by Leonhardt [31] and
d’Ariano [32].
Realistic imperfect nonlinear elements (i.e., the squeez-
ers and Kerr elements) of the proposed circuits can be
modelled as the perfect ones followed by fictitious beam
splitters Bˆi (for i = 1, 2, ...), as shown in figure 4. The
vacuum mode, assumed at one of the input ports of each
beam splitter, models the extra quantum noise caused by
the nonlinear effects.
Note that we ignore dissipation in phase shifters. In
fact, losses involved in linear optical elements (such as
phase shifters and beam splitters) are usually negligible
in comparison to those of realistic nonlinear optical ele-
ments.
As discussed in [31, 33], the model of losses, based on
a single-beam splitter, formally corresponds to a dissi-
pation described by the standard master equation for a
quiet reservoir (i.e., at zero temperature) as given by
dρˆ
dt
= 12 (2bˆρˆbˆ
† − bˆ†bˆρˆ− ρˆbˆ†bˆ). (23)
In this description, the formal time t is simply related to
the reflectance as R = 1− exp(−t) at the beam splitter.
The circuit shown in figure 4 (except the additional
phase shifter Pˆ ′) performs the following sequence of op-
erations
Kˆ ′ = Pˆ ′Bˆ5Sˆ1Bˆ4Bˆ
′
4KˆPˆ Bˆ3Sˆ2Pˆ Bˆ2Bˆ
′
2KˆBˆ1Sˆ1, (24)
where Kˆ = Kˆ(∆φin). The beam-splitter transformations
Bˆ′i (Bˆi) for the annihilation operators aˆ and bˆ (vˆ
′
i and vˆi)
of the signal (vacuum) modes are given by
Bˆ′i = exp[θi(aˆvˆ
′
i
† − aˆ†vˆ′i)],
Bˆi = exp[θi(bˆvˆ
†
i − bˆ†vˆi)], (25)
respectively, where θi = arccos(
√
1−Ri) and Ri is the
reflectance. Then, the output signal state ρˆout is given
by
ρˆout = tre1,e2,e′2,e3,e4,e′4,e5 [Kˆ
′(ρˆin ⊗ ρˆvac)Kˆ ′†], (26)
as obtained by tracing out the beam-splitter output
modes ei and e
′
i, which are lost to the environment. In
this equation, ρˆin is the two-mode input signal state and
ρˆvac = ρˆ
(e1)
vac ⊗ ...⊗ ρˆ(e5)vac with ρˆ(ei)vac = (|0〉〈0|)ei are the vac-
uum modes. It is rather inconvenient to directly apply
equations (24) and (26) in numerical analysis. This would
require dealing simultaneously with nine-mode Hilbert
spaces. Instead of this, in our numerical simulation of
losses, we have applied the required operations sequen-
tially as follows:
ρˆ1 = tre1 [Bˆ1(Sˆ1ρˆinSˆ
†
1 ⊗ ρˆ(e1)vac )Bˆ†1],
ρˆ2 = tre2,e′2 [Bˆ2Bˆ
′
2(Kˆρˆ1Kˆ
† ⊗ ρˆ(e2)vac ⊗ ρˆ(e
′
2
)
vac )Bˆ
′
2
†Bˆ†2],
ρˆ3 = Pˆ tre3 [Bˆ3(Sˆ2Pˆ ρˆ2Pˆ
†Sˆ†2 ⊗ ρˆ(e3)vac )Bˆ†3]Pˆ †,
ρˆ4 = tre4,e′4 [Bˆ4Bˆ
′
4(Kˆρˆ3Kˆ
† ⊗ ρˆ(e4)vac ⊗ ρˆ(e
′
4
)
vac )Bˆ
′
4
†Bˆ†4],
ρˆout = Pˆ
′tre5 [Bˆ5(Sˆ1ρˆ4Sˆ
†
1 ⊗ ρˆ(e5)vac )Bˆ†5]Pˆ ′† (27)
according to the circuit shown in figure 4.
In order to compare the outputs of the perfect and
lossy circuits, we apply the Uhlmann-Jozsa fidelity de-
fined as [34]:
F (ρˆideal, ρˆout) ≡
[
Tr
(√√
ρˆidealρˆout
√
ρˆideal
)]2
. (28)
In our case, ρˆout is the output state of the two-mode lossy
circuit, given by equations (26) and (27), while ρˆideal is
the ideal Kerr state obtained by the application of the
operators given by the left- or right-hand side of equa-
tion (14) to a given initial state ρˆin. Note that the root
fidelity
√
F is also sometimes referred to as fidelity (see,
e.g., [35]). Methods for measuring the fidelity and its
tight upper and lower bounds are described in [36]. If
one of the states is pure, which can be the ideal state
ρˆideal = |ψideal〉〈ψideal|, then the fidelity simplifies to the
straightforward expression F = 〈ψideal|ρˆout|ψideal〉.
For simplicity, we present our numerical results only for
the cases when the losses in the signal modes in all the
squeezers (Kerr media), as shown in figure 4, are the same
and described by the reflectance RS ≡ R1 = R3 = R5
(RK ≡ R2 = R′2 = R4 = R′4). If we set θ1 = ∆φin =
1/2, then the amplified cross-Kerr phase shift is equal to
∆φamp = 1.4 for the ideal system.
Now we shortly discuss the results of our numeri-
cal simulations for the two specific choices of the in-
put state. Our first example was calculated for an ini-
tial separable pure state, i.e., |ψin〉 = | + +〉, where
|+〉 = (|0〉+ |1〉)/√2. The perfect CPHASE gate should
transform this state into an entangled state |ψout〉 =
(|00〉 + |01〉 + |10〉 + eiδ|11〉)/2. In contrast, the imper-
fect amplifier generates a mixed state described by the
fidelity F (RK , RS) ≡ F (ρˆideal, ρˆout) depending on the
chosen values of the losses (reflectances) RK and RS . For
example, we found F (0.1, 0.1) = 0.74, F (0.1, 0) = 0.82,
F (0, 0.1) = 0.87, and F (0.2, 0.2) = 0.59. We note that
F (0, 0) = 1, as required for the ideal amplifier, and
F (1, 1) = |〈00| + +〉|2 = 1/4 for the amplifier absorb-
ing completely the input state.
Our second example is given for an initial entangled
mixed state, i.e., for the two-qubit Werner-like state de-
fined by (see, e.g., [37])
ρˆW = p|Φ+〉〈Φ+|+ 1− p
4
Iˆ , (29)
where |Φ+〉 = (|00〉+ |11〉)/√2 and Iˆ is the identity op-
erator. Moreover, we set p = 1/2 (in general, p ∈ [0, 1]).
As in the former case we assume θ1 = ∆φin = 1/2, which
leads to ∆φamp = 1.4 in the ideal system. The cal-
culated fidelities F (RK , RS) as a function of the losses
(reflectances) RK and RS read as: F (0.1, 0.1) = 0.89,
F (0.1, 0) = 0.929, F (0, 0.1) = 0.941, and F (0.2, 0.2) =
0.81. Note that, as for the former example, it holds
F (RK , 0) < F (0, RS) for RS = RK > 0. This can be in-
terpreted that our circuit is more sensitive to losses in the
Kerr media rather than those in the squeezers at least for
6FIG. 4: (Color online) The application of the beam-splitter
model of losses in the circuit shown in figure 1. The output
signal modes are obtained by tracing out the modes ei and
e′i, which are lost to the environment, as visualized by green
waste baskets. Broken lines at the second ports to the beam
splitters Bˆi (i=1,2...) denote the vacuum modes, which model
the extra quantum noise involved in the nonlinear effects.
the analyzed values and states within our beam-splitter
model of losses. In addition, F (0, 0) = 1, as expected for
the ideal case, and F (1, 1) = |〈00|ρˆW |00〉|2 = (1+p)/4 =
3/8 for the amplifier absorbing all the incident light.
Finally, we mention that a deeper analysis of decoher-
ence in our circuits should also include the effect of ther-
mal photons. This dissipation can be modelled by the
full master equation assuming that the thermal reservoir
is at non-zero temperature, which is a generalization of
the quiet-reservoir master equation, given by (23). Such
thermal effects can be described (to some extent) by the
beam-splitter model of losses assuming that thermal pho-
tons, instead of the vacuum mode, are at one of the input
modes to fictitious beam splitters. Preliminary studies
show that our circuits are strongly sensitive to thermal
photons which is typical, especially for nonlinear optical
processes at the single-photon level. We also note about
the effects of mode mismatch, which are important when
dealing with time-frequency overlaps of interfering light
pulses. Such mode-mismatch effects can affect efficiency
of systems, which can be revealed by applying a pulse-
mode formalism, as studied, e.g., in the related problem
of a quantum scissors system [38]. This infinite-mode
formalism is completely different from that applied here
for a few modes only. Our related theoretical [38] and
experimental studies [39] show that usually the mode-
mismatch problems can be effectively overcome in optical
experiments even at the single-photon level.
V. CONCLUSIONS
We proposed two setups which can be used for enhanc-
ing the phase shift in nonlinear cross-Kerr media, de-
scribed by the third-order nonlinear susceptibilities χ(3),
by applying a sequence of single-mode (or two-mode)
squeezing operators in media described by the second-
order nonlinear susceptibilities χ(2). Our results are
based on a group-theoretical analysis. It is well known
that entangling gates, like controlled-sign (CSIGN) gate,
cannot be implemented deterministically using linear-
optical elements only (for a review see [40]). Our ap-
proach can, in principle, enhance the nonlinear phase
shift to 1800 at the single-photon level and thus enable a
deterministic implementation of the CSIGN gate if ade-
quately strong squeezed light source is available.
Our group-theoretical proposal can be implemented
using various systems exhibiting quadrature squeezing
and cross-Kerr nonlinearity. The predicted enhanced
nonlinear phase shifts for the experimentally observed
initial nonlinear phase shifts and generated squeezings
are summarized in table I.
We also studied dissipation in non-perfect circuits by
applying the beam-splitter model of losses. In particu-
lar, we addressed the question how the Uhlmann-Jozsa
fidelity, between the outputs of the ideal and lossy sys-
tems, deviates from 1 by the inclusion of losses.
Whilst we have proposed methods, which could be ap-
plied for an implementation of quantum entangling gates
using Kerr media at the single-photon level, we have also
shown an interesting general idea to enhance higher-order
nonlinear effects through other types of lower-order non-
linear effects.
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